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SYDNEY GRAMMAR SCHOOL TRIAL EXAMINATION 2000

4 UNIT MATHEMATICS FORM VI

Time allowed: 3 hours (plus 5 minutes reading) Exam date: 1st August, 2000

Instructions:

All questions may be attempted.
All questions are of equal value.
All necessary working must be shown.

Marks may not be awarded for careless or badly arranged work.
Approved calculators and templates may be used.

A list of standard integrals is provided at the end of the examination paper.

Collection:

Each question will be collected separately.
Start each question in a new 8-leaf answer booklet.

If you use a second booklet for a question, place it inside the first. Don’t staple.
Write your candidate number on each answer booklet.
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QUESTION ONE (Start a new answer booklet)

Marks V3

T
a) Evaluate / dz.
[2] (@) 0 2 +1

1
E\ (b) The integral I, is defined by I, = / z"e " dx.
0

(i) Show that I, =nl,_, —e !,
(ii) Hence show that I3 = 6 — 16e™1.

2y+3
2)(y* +3)

(c) Use partial fractions to find / ( dy.
y—

@ (d) Use integration by parts to find / tan~! z dx.

[4] (¢) (i) Find / mf—g;—ﬁ.

:EZ

(ii) Hence ﬁnd/w2+2x+5dm

Exam continues next page ...
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QUESTION TWOQO (Start a new answer booklet)
Marks

[2] (a) Simplify (2 — 3i)2.

Eﬂ (b) On an Argand diagram, sketch the region specified by both the conditions
|z+3 —4i] <5 and Re(z) < 1.
You must show intercepts with the axes, but you do not need to find other points of
intersection.
@ (c) (i) Determine the modulus and argument of —1 + 1.
(ii) Hence find the least positive integer value of n for which (—1 + i)™ is real.

E (d) (i) Let z = r(cosf+isin#) be a complex number in the Argand diagram. Show that
multiplication of z by i rotates z by %' anticlockwise about the origin.

(i)

ya

0 X

In the square OABC, shown above, the point A represents 2 + i. What complex
numbers do the points B and C represent?

|__3_| (e) Let z = a + ib, where a and b are both real.

(i) For what values of a and b will z + E be purely real?
z

.. . . 1 .
(ii) Is it possible for z + — to be purely imaginary?
z

Exam continues overleaf . ..
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QUESTION THREE (Start a new answer booklet)
Marks

(4] (a)

In the diagram above, the region under the curve y = 3 — 4z + 42> — z° in the first
quadrant is shaded. A solid of revolution is formed by rotating this region about the
y-axis. Use the method of cylindrical shells to find the volume of this solid.

(b) Suppose the cubic equation = — 2z + 4 = 0 has roots «, 4 and .

(i) Use the substitution £? = y to show that a cubic equation which has roots a?,
(% and ~? is:

v —4y? + 4y — 16 = 0.
(ii) Factorise this new cubic into linear factors by initially grouping in pairs.

(iii) Hence show that the original equation has only one real root.

(6] (c) a

2_ .........................
The graph of y = f(x) is shown above. Sketch graphs of:
(i) y=f(@3-u),
(i) y = f(l=]), .
1
iii) y = ——,
(iii) y e

(iv) ¥ = f(z).

Exam continues next page ...
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QUESTION FOUR (Start a new answer booklet)
Marks

(8] (a)

In the diagram above, P is the midpoint of the chord AB in the circle with centre O.

A second chord ST passes through P, and the tangents at the endpoints meet AB
produced at M and N respectively.

(i) Explain why OPNT is a cyclic quadrilateral.

(i) Explain why OPSM is also cyclic.
(iii) Let ZOTS = 6. Show that Z/ONP = /OMP = §.
(iv) Hence prove that AM = BN.

Exam continues overleaf . ..
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QUESTION FOUR (Continued)

(6] ()

A Yy D B

g

In the diagram above, AABC is right-angled at C, with a < b < ¢. The points E

on AC and D on AB are constructed so that ZBED is a right angle and AADE is
isosceles with AD = DE.

Let EB =z, let AD = DE =y, and let ZCAB = o.
(i) Prove that AABC ||| ABEC.

(ii) Show that x = Eg— .

(iii) Explain why /BDE = 2a.
‘ 2 _ 2
(iv) Hence show that y = Q(b—%—;ﬁ—) i

[3] (c) Suppose the function f (x) may be written as f(z) = g(x) + h(z), where g(z) is even
and h(z) is odd.

(i) Find an expression for g(z) in terms of f(z) alone.

(ii) Hence write down g(z) for the function f(z) = €°.

Exam continues next page ...
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QUESTION FIVE (Start a new answer booklet)
Marks

(a) An object of mass m kg is projected vertically upwards from ground level with an initial
speed U m/s. Its characteristic shape results in air resistance which is proportional

to the square of its velocity, that is, mkv? for some constant k. The only other force
acting on the body is that due to gravity.

Take upwards as the positive direction for displacement z. Take ground level as the
origin of displacement.

(i) () Show that & = —(g + kv?).

d
(B) Use& = —d}ti to show that the time T, taken to reach the highest point of its
flight is

T. = ﬁtam'1 (U\/§> .

(ii) Let Ty be the time taken for the object to fall back down to the ground, and for

convenience let w = U\/g . It can be shown that / gk (Ty — T,) simplifies to the
function

f(w) = log, (w + Vw? + 1) —tan" ! w.
() Evaluate f(0).
(B) Determine f'(w), and show that f'(w) > 0 for w > 0.

(v) Hence show that it takes longer for the object to fall back to the ground than
it does to reach its highest point.

Exam continues overleaf ...
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QUESTION FIVE (Continued)

(b)

A sandstone cap on the corner of a fence is shown above, formed in the shape of two
intersecting parabolic cylinders.

On the front face, the equation of the parabola is z = 4 — 22, where z is the horizontal
distance measured from the mid-point of the base of the front face, and z is the height.

The shape of a horizontal slice of thickness dz taken at height z is also shown. It is a
square with four smaller squares removed, one from each corner.

(i) Find z in terms of z.

: (¢ -4c- \/4T?E)2) dz.

(iii) Hence find the volume of stone in the cap.

(ii) Show that V = /
0

Exam continues next page ...
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QUESTION SIX (Start a new answer booklet)
Marks

(a) Let P(z) =27 — 1.

(i) Use de Moivre’s theorem to find the roots of P(z).

(ii) Hence write P(z) as a product of:

(a) real and complex linear factors,

(B) real linear and irreducible quadratic factors.
2 4 ér _ _ 1
(iii) Show that cos % + cos =% + cos °F = —3.
(iv) (o) Write down the quotient when P(z) is divided by z — 1.

(8) Hence show that (1 — cos -2—771)(1 — Cos 4—775)(1 — cos 5.}‘-) = g.

(b) Forn =0, 1, 2, ..., the integral G,, is defined by
T  sinnz
G"_/o 3- 2cosz %

(i) Find Go and show that G; = 3 log5.

n

(ii) Show that Gpyy + Gno1 — 3Gn = L ((-1)" - 1).
[HINT: You may assume that sin A + sin B = 2sin(4$2) cos(452) ]
(iii) Calculate Gj.

Exam continues overleaf ...
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QUESTION SEVEN (Start a new answer booklet)
Marks

@ (a) Let w be a non-real cube root of unity.

(i) Show that 1+ w 4 w? = 0.
(i) Hence simplify (1 + w)?.
(iii) Show that (14 w)® = —1.
(iv) Use part (iii) to simplify (1 +w)®" and hence show that
3Co — L(37Cy +37Ca) + ¥"C3 — 1(3"Ca +3"C5) +3"Co — -+ + Cgn = (-1)"-

[HINT: You may assume that Re(w) = —-12- and that Re(w?) = —%]

(5] (b)

In the diagram above, AB is a fixed chord of a circle and C is a variable point on the
major arc AB. The angle bisectors of ZCAB and /ABC meet the circle again at P
and @ respectively.

Let /CAB =2a, /ABC =23 and /BCA = 2.
(i) Show that /PCQ =o+ 3+ 2.
(ii) Hence explain why the length of PQ is constant.

(ili) Use the sine rule to show that 48 = 2sin~y.

PQ
1 — cos26
4 i) Sh t tan?f = —————
(¢) (i) Show that tan®@ T cos 20
(ii) Hence show that
+ B)(1 — cos(a —
tan2(———°‘;ﬁ) —tanatanff = cos(e + B)(1 - cos(e - 7))

cosarcos B(1 + cos(a + B))
(iii) Hence show that for 0 <a < T and0< 3 < T,
4 4

Vtanatan < tan(—q‘—;r—é)

Exam continues next page ...
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QUESTION EIGHT (Start a new answer booklet)
Marks

@ (a) Let y = uv be the product of u and v, where u and v are functions of x.
(i) Show that ¢ =uv"” + 2u'v' + v"v.
(ii) Develop similar expressions for ', y"” and y"".
. e & 2\ —z
(iii) Hence, or otherwise, find and simplify P ((1 —z%)e )_,
(b) The Bernstein polynomial B, 1.(t) of degree n and order k is defined by:
Bp(t) ="Crtt(1 —t)"*, for 0 <k <n.

(i) Write down the three Bernstein polynomials of degree 2, namely Bs o(t), B2,1(t)
and Bs2(t).

(i) The three fixed complex numbers o, B and 7 are represented on the Argand
diagram by the points A, B and C respectively. Three other complex numbers p,
q and r are represented by the points P, @ and R respectively.

The point P divides the interval AB in the ratio t : (1 —t).
The point @ also divides the interval BC in the ratio ¢ : (1 —t).
Likewise the point R divides the interval PQ in the ratio ¢t : (1 — t).

(a) Use the ratio division formula to find p and ¢ in terms of ¢, § and 7.
(B) Hence show that

T =B o(t) + B B2, (t) + v Ba2(t)-

(’y) Given that a = 1+ 14, 8 =2+ 3i and v = 3 + 4, find the Cartesian equation
of the locus of R as t varies.

(ili) () Show that

Z Bn‘k(t) = 1.
k=0

(B) Show that forr < k<n

kar n—r k n—k
TLCT B'n,,k(t) - Ck.__rrt (1 - t) .
() Using the previous two parts, or otherwise, show that
5 kC
%—2- Bs (t) =t
k=2 2

DNW
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QUESTION ONE

Marks V3 3
T
— —dr = 2
EZJ (a)/0 mdaz { z +1]0
=V4-V1
=1
1 " _ -1
@ (b) (1) In:'/ e~ " dr (11) I3=31,—¢
40 ) 1 =6]1——4e"1
= [—-x”e‘m]o—/ —nx™ le T dx =61y — 10!
Jo
1 =6—16e71.
=—el4n [ " le®dr
Jo
=nl,.;—e Ll
2u+3 A By+C
4 c) Put = +
© (y-2)3*+3) y-2 y2+3
$0 2y +3=A(y® +3) + By(y — 2) + C(y — 2).
Now when y = 2 7T=TA
s0 CA=1.
When y =0 - 3=3A-2C
E) - C=0.
Finally, when y = 1 5=4A—-B
so B=-1. |\/y/(-1 per error)|
2y +3 1 Yy
Thus / d =/(_____ d
W-267+3) " J \y—2 y2+3> i

= log fy — 2| — 1 log(y® + 3) + C.

@ (d) ./tan'lmdxzmtan”lm—'/ T dx

z2+1
=ztan 'z — log(z? +1) + C.

) dx dx
@ © 0[] erpe
—_-—é-ta,n"1 (x;1)+0.

. 22 2 4+2c+5 2r + 2 3
—_ dr= T = g 2
(if) /:172+2:r:+5 /m2+2x+5dm /m2+2$+5dm /m2+2w+5d$

=z — log(z? 4 2z + 5) — 3 tan™! (:_1:_%_{) +C.




SGS Trial 2000 Solutions................. 4 Unit Mathematics Form VI.................
QUESTION TWO

Marks
[2] (@) @2-3i)*=4—12i-9
=—5—12

(3] (b)

I/ circle / line v/ shading|

B © |~ 1+i] =2
and arg(—1 +1) = 3.

(ii) That is, find n so that 32T is an integer multiple of w. Hence n = 4.

@ (d) 1) iz = r(—sin @ + i cos §)
= r(cos(} +0) +isin(% + 0))

so arg(iz) = § +6
= 3 +argz.

(ii) C is the complex number v = (2 + 1)

=1+ 2i.

B is the complex number 3 = (2 + 1) + (—1 + 21)

=1+3i.

E‘ (e) z+—i—=Ei—:—jja(a(a2+b2+1)+’ib(a2+b2—1)).

(i) The result is real if b(a2 +b% — 1) = 0
thus a?+v? =1

or b=0.

That is, on the unit circle or the real axis (z # 0).

(ii) The result is pure imaginary if a(a® + 5% +1) =0

hence a=0.

That is, on the imaginary axis (z # 0).
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QUESTION THREE
Marks

El (a) Slice the region parallel with the y-axis. When rotated about the y-axis, a typical slice
generates a cylindrical shell of radius x, height y and thickness dz, so
dV = 2rzydz.

3
Hence the volumeis V= / 2xydzx
0
3
=7r/ 6z — 8z + 8z° — 2z% dx
Jo
= {3:1;2 - %:1:3 + 22t — %:Es]z
-

@ (b) (i) Let y = 22, then the roots z = a, B and v become y = o, 32 and 7* as required.

Rearranging the equation, z(x? - 2) = —4.
Square this to get » x2(x? — 4z? + 4) = 16,
S0 y(y® — 4y + 4) = 16.
Hence v —4y® +4y— 16 =0.

(i) Y(y—4)+4y—-4)=0
(-9 +4 =0

that is (y — 4)(y — 20)(y +2§) =0

(iii) Since there is only one positive real root for y, it follows that there is only one real root
for 2% = y. (The root is actually £ = —2.)

@ (C) (1) yA (lii) yA

24

-

(i) ye (iv)
24

.

=y

|
w
|
[\
[\*]
W 1
=¥
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QUESTION FOUR
Marks
@ (a) (1) LOTN =90° (NT is tangent to the circle at T')
LOPN =90° (OP is the perpendicular bisector of chord AB)

Hence both are angles in a semicircle with diameter ON.
Thus OPNT is a cyclic quadrilateral.

(ii) Similarly ZMSO =90° (MS is tangent to the circle at S)

LOPM = 90° (OP is the perpendicular bisector of chord AB)
Hence both are angles in a semicircle with diameter OM.
Thus OPSM is a cyclic quadrilateral.

(i) LONP = LOTP (angles on the same arc OP of circle OPNT)

= 9.
LOST = LOTS (base angles of isosceles AOST)
=0.
LOMP = LOSP (angles on the same arc OP of circle OPSM)
= 9.

(iv) The result can be obtained by proving AOPN = AOPM, or the following:

ANOMN is isosceles  (base angles are equal)
OP is the altitude to the base
hence MP=PN.
Thus AM = PM - AP

= PN - PB
= BN.
@ (b) (1) LAED = a (base angles of:isosceles AADE)
LBEC =180° — (90° + o) (adjacent angles at F)
=90° — a.

Thus ZCBE = a (angle sum of ACBE).
In AABC and ABEC
LCBE = /DAE (proven)

/LBCE is common

hence  AABC || ABEC (AA).

(ii) So using the ratio of matching sides of similar triangles
z c

a b

thus m=9£-.

(iii) LBDE =2a (exterior angle of isosceles AABE).
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x
(iv) Now tan 2a = ”
s0 ==
Y= fan2a
ca 1 —tan’a
b 2tana
_cal-f
E
c a
AGE ﬁ)
c(b? — a?)
=~
This can also be proven by applying Pythagoras’ theorem to ABDE.
8] © @ f(z) = g(z) + h(=z) (1)
f(—=z) = g(-7) + h(-z)
so using symmetry, f(—z) = g(z) — h(z). (2)

Adding (1) and (2),
f(x) + f(—=z) = 29(x)
“ 9(z) = L(f(@) + f(~a)).

(ii) Thus for the function f(z) = € we get,

or)= T2
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QUESTION FIVE
Marks
(a) (i) (o) Using Newton's second law mi = —mg — mkv?
so i=—(g+kv?).
dv
= ko2
B) " (g + kv)
o Bl
dv = g+ kv?’

Integrate this with respect to time to get

t = —ﬁtan"1 ('v\/g) +C.

Att=0,v=U

thus C= ——\ﬁ——k- tan™* (U\/E)
and t= ﬁ (tam_1 (U\/E) — tan™? (v\/g)) .
The velocity is zero at the maximum height so it follows that
T. = ﬁt&n"1 (U\/g).
(i) (@) £(0) =0.

/ _ w 1 _ 1

= ! — (This result may also be obtained directly from tables.)
w24+l wi+l
Vw41l -1
w2 +1

>0 forw >0, sincevyw?2+4+1>1.

(7) Hence f(w) is an increasing function, increasing from 0. Thus f(w) > 0 for w > 0,
and so Ty — T,, > 0. That is, it. takes longer to fall.

b) () z=vd—zforz>00rz=—V4-2.

(ii) Here z is a distance and so the positive square root is used.
Area of the small square = (2 — z)?2

=(2-v4-2z)2
Area of the large square = 42.
Thus area of slice =42 —4(2-V4-2)

Hence V = /4 (42 - 4(2-V1-2)?) dx.
Jo
(iii) Expanding, V= /4 (4z +16v4 — z — 16) dz
0

= [222 - 3372(4— z)% - lﬁz]:
= 53% cubic units.
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QUESTION SIX

Marks

(8) (i) The roots are the solutions of P(z) =0
that is Z'=1.
Put z =cosf +isiné,

S0 cosTh +isin76 =1 by de Moivre’s theorem,

that is 9—2%75 where n =0,1,2,3,4,5 or 6.

27 4 6 8 107 12w
Hence z = 1,cis &%, cis %, cis 5, cis =, cis =5F, cis 2%

(i) (a) Thus P(z) = (z — 1)(z — cis 2% )(z — cis &) (z — cis &) (z — cis 87)x
(z — cis 29%)(z — cis 12%). .

(8) Combining conjugate pairs:
P(2) = (z — 1)(2% — 2z cos 2F 7+ 1)(22 — 2zcos 4= 7+ 1)(2% — 2zcos & 7+ 1).

(iii) In P(z), the coefficient of 2° is zero, hence the sum of the roots is also zero. Take the real
part of this sum to get:

<(cosz—_}'—+cosl—271)+(cos 7 +coslo")+(cos-—+cos-— +1=0. .

Thus by the symmetry of the cosme function,
2(cos X + cos 4F 7 T+ cos & 7 )= -1, -

S0 cos 2F + cos 4 + cos &F T =3
(iv) (@) P(2)=(z—- )P +22 +22 + 22 + 22 +z+1).

(B) Thus (z* — 2zcos Z* + 1)(2? — 2z cos 4F + 1)(2* — 2z cos & +1)

= 28 +z +A+ 2+ 4241
Now put z =1 to get
(2—-2cos &) (2 —2cos )2 — 2cos 82) = 7

thus (1——1cos (1-1lcos4r )(1—1cos )=g—.

®) () Go—/ 0dz
=0 .

sinx
and G, = —— d;
neb = 0o 3—2cosz r

= 3 [log(3 —2cos ”c)};r
= 1(log5 — log1)

= %logf).
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(i) Now Grst + Gy = / sin(n + 1)z + sin(n — 1)z dr
0 3—2cosz

So Gni1+Gn1—3G, = /231nnzcosx—3sinm;

(iii) Hence G = 3G,

T 2sinnzcosx
= —_—d by the hint.
/0 3—2coszx o y the At

d
3 —2cosz v

;/” sinnz (3 — 2cos x)
0

3—2cosz dz

™
= -—/ sinnx dz
0

™
[COS TI/B]
0

(-~ =1).

S~ 3=

-Go—2

=%log5—2,

and G3 =3Gs

-Gy

= 4log5 — 6.
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QUESTION SEVEN

Marks
@ (a) (i) Now ‘ =1
S0 w?—-1=0.
Factoring, (w-1)(?+w+1)=0
and since w # 1
W +w+1=0.
() Q4+w)?=14+2w+w?
=(1l+w+w))+w
=w by part (i).
(iii) (1 +w)® =w(l +w) by part (ii),
=(l+w+w?) -1
=—1 by part (i).
i) Q4w =(1+w)?)"
= (-=1)* by part (iii).
Expanding the left hand side by the binomial theorem,
3nco+3nclw+3nc2w2 +3"'C3w3+3"'C4w4 +3n05w5 +3n06w6+.“+3nC3nw3n — (_1)11..
First simplify this using u;3 =1.
3nCp + 3 Ciw + 3 Cow? + 3"C3 + 3" Cyw + 3"Csw? + ... +3"Cs, = (-1)™.
Now take the real part of both sides and use the hint to get:
3nCO _ 3n01% _ 3nc2% + 3'nC3 _ 3nc4% _ 3“05% + ... +3nc3n — (_l)n’
that is
3nco _ %(Sncl + énc2) + 3nC3 _ %(31104 +3nC5) 4.+ 3nC3n - (-——1)".
[5] (b) (i) LPCB = (PAB (angles subtended by arc PB)
= q.
LQCA = /LQBA (angles subtended by arc QA)
= f.

Hence LZPCQ =a+ [+ 27. Fi]

(ii) Now 20+ 28+ 2y=180° (angle sum of 4 ABC)

S0 a+ 3+ =090°.

Hence LPCQ = 90° +1. [p_—}

Now 2v is constant  (angle subtended by arc AB)
thus LPCQ is constant.

So PQ subtends a constant angle at the circumference, and hence has constant length.
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AB B .
(iii) Sn2y = sinPa (applying the sine rule in AABP)

= @TI(;Q—FE)_ (applying the sine rule in AQBP)

P9
sin(90° — 7)

-9 ¢

cosy
AB PQ
So - =
2sin-ycosy cosv
hence —A-E = 2sin~y.
PQ

Note: The following proof is more elegant and uses the fact that the ratio in the sine
rule is the diameter of the circumcircle. Thus this ratio is the same for both AABC

and APQR.
o (glgoQ_{_ 7 == S:ll;’)’ (triangles with the same circumcircle),
PQ AB
80O = - ,
cosy  2cosysiny
AB
hence Iz Q = 2siny.

E (c) (i) Use the t-formula for cos 28, or:
RHS — 1 — cos® @ +sin% @

1+cos20——sm 0

2sin? 0

2 cos? 6

= tan’ 6

= LHS.

. 1 —cos(a+B) sinasinf .
(i) LHS = 1+cos(a+pB) cosacosB by part (i)
__cosacos 3 — cos acos f cos(a + () — sinasin § — sin asin § cos(a + f)
cos a.cos B(1 + cos(a + 8))
(cos accos B — sin asin B) — cos(a + [)(cos a:cos B + sin asin 3)
cos acos B(1 + cos(a + B))
_cos(a + ) — cos(a + B) cos(a — f)
B cos acos B(1 + cos(a + 3))
_ cos(a + B)(1 — cos(a — B))
" cosacos B(1 + cos(a + B))

= RHS.

(iii) Since all terms are positive it suffices to prove that

tanz(%é) —tanatan B > 0.

Since 0 < a < § and 0 < a < 7 it follows that cos(a + ) > 0 and so all terms in the
equivalent fraction given in part (ii) are positive. Thus the fraction is positive, or zero
when o = 3. Hence the inequality is proven.
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QUESTION EIGHT
Marks
[5:] (a) (i) Using the product rule 3’ = uv' +u'v
and again Y =uv + v+
=uv” + 2u'v +u'v.
(it) Further applications of the product rule yield:
y" = uv" 20 +u YV +
w'v"” + 2u"V + "o
=uv"” + 3V + 3V + v
Yy = uv" +3uv" 4 3u N+ +
wv"” 4+ 3u"v" + 3u" +u"v

— 'U;'U”” + 4uI,UIII + 6u/,'U” + 4uHIvl +ullll,u

!
ymu — + du'y"" + 6u''v" + 4u""y" + u'"y +
" + 4o "™ + 6'u,""u", + 4um/,ul + "My
/ " n
- uy it + 5'U,”U”” + 10'11,”1)’" + 10’!1,/”'1)" + 5uu ’U' + u/ ? .

It seems clear from this that the coefficients of higher order derivatives are the terms of
Pascal’s triangle. You may wish to prove the result by induction.

(iii) Put u = 1 — z? and note that derivatives higher than second order are zero,

hence y""' = (1 — z%)(—e™®) + 5(—2x)e~" + 10(—2)(—e )
= e ®(z? — 10z + 19).

(b) () Baolt) = (1 -1,
B (t) = 2¢(1 — 1),
Bgyz(t) = t2.
(i) (@) p=a(l—t)+4t,
q=PB(1—1t)+t.
(B) r=p(l—1t)+gqt
= a1 - )2 + Bt(1 — t) + Bt(L — t) + 7t2
= a(l — t) + B2t(1 — t) + yt?
— aBao(t) + BBa (t) + 7Bas(t).
(7) On the curve r = ¢ + iy,
c=1x(1-1)%42x2t(1~t)+3x¢t
=1+2t.
or t=4(zx—1) (A)
y=1x(1—H2+3x 21—t +1x ¢ "B
=1+ 4t — 42, 2 B
a/\y ( )
Substitute (A) into (B) for ¢ to get, ; x

y=—:172+4m—2,

a parabola, shown in the Argand diagram on the /
right, through o, v and 2 + 2i.
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(iii) (a) > Bni(t) =) "Cett(1—t)"*
k=0

= Ith(-)x- (1- t))" by the binomial theorem
=17
=1.
kC, Ko orn—r)  nf
B 5g Ber®) = G e k!(nn— G
n—r)! n—
= —(r)!(;)— =

— n'_rck_rtk(l _ t)n—k.

() Firstly, completing the above,
kC
T Bn,k(t) — n_TCk_rtk_r(]. - t)n—ktr

nCT
=t"Bn—ri—r(t).

Now put n =5 and r = 2 to get -

=12B3o(t) + t2B3 1 (t) + t2B3 2(t) + t2 B3 3(t)

= t? (Bg'o(t) + B3,1(t) + Bsoft) + 33,3(75))

=2 by part (o).
Using clever manipulation of Y-notation, the result for part () can be generalised
to: ' n kG,

—T B, k(t) =t
nCT lk( )

k.:’l"
Bernstein polynomials and the curves they generate, called Bézier curves, are used

in computer drawing packages and were originally developed by French engineers to
simplify computer aided design of automobiles.
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